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The perturbative evaluation of the eetive ation an be expanded in powers of derivatives of
the external eld. We apply the renormalization group equation to the term in the eetive ation
that is seond order in the derivatives of the external eld and all orders in a onstant external eld,
onsidering both massless salar φ44 model and massless salar eletrodynamis. A so-alled on
shell renormalization sheme permits one to express this kineti term for the salar eld entirely
in terms of the renormalization group funtions appropriate for this sheme. These renormalization
group funtions an be related to those assoiated with minimal subtration.
PACS numbers: 11.10.Hi
I. INTRODUCTION
In the massless φ44 model whose lassial ation is
S
l
=
∫
d4x
[
1
2
(∂µφ)(∂
µφ)−
λ
4!
φ4
]
, (1)
the eetive Lagrangian in the presene of a bakground eld φ
l
an be expressed in powers of the
derivatives of φ
l
so that [1℄
L
e
= −V (φ
l
(0)) +
1
2
Z(φ
l
(0))
(
∂µφ
l
(0)∂µφ
l
(0)
)
+ · · · . (2)
(Heneforth, φ
l
will be simply denoted by φ.) The eetive potential V an be omputed using either
diagrammati [1℄ or funtional methods [2, 3, 4℄; in both ases divergenes arise whih require a renor-
malization. Consequently, V has expliitly dependene on a renormalization sale parameter µ. Sine µ
is unphysial, there must be impliit dependene of V on µ through λ and φ so that µ
dV
dµ
= 0. This leads
to the renormalization group (RG) equation. Solving this equation perturbatively allows one to nd in
losed form the sum of all the so-alled leading-log (LL), next-to-leading-log (NLL) et. ontributions
to V . Applying this tehnique in the massless standard model leads to a predition of a Higgs mass of
approximately 220 Gev [5, 6℄. Furthermore, the on shell renormalization ondition
d4V (φ = µ)
dφ4
= λ (3)
has been shown to x V entirely in terms of the RG funtions assoiated with this sheme [7℄. This
is also true in massless salar eletrodynamis [8℄. The renormalization group has also been applied to
analyzing V in Refs. [16, 17, 18, 19, 20℄.
The RG equation an also be used to extrat information about the kineti term Z(φ) ourring in
equation (2). In this paper, we follow the approah of Refs. [7, 8℄ to show how Z(φ) is in fat ompletely
xed by the RG funtions in muh the same manner that V is determined. No Feynman diagrams need
to be evaluated in the ourse of determining Z. Again, we onsider the φ44 model of eq. (1) and massless
∗
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2salar eletrodynamis. The need to perform expliit perturbative alulation of Z through evaluation of
Feynman diagrams (as in Refs. [10, 11, 12℄) is ompletely irumvented.
The funtion Z(φ) is of partiular interest, as if v is the value of φ that minimizes V , so that
V ′(v) = 0, (4)
then the radiatively indued mass of the salar is given by [1℄
M2 = V ′′(v)/Z(v). (5)
In the disussion of the radiatively indued Higgs mass in the standard model in Ref. [5, 6℄, Z(φ) was
taken to be lose to its lassial value of one.
II. Z(φ) IN THE φ44 MODEL
Applying the ondition
µ
d
dµ
(Z(φ)∂µφ∂
µφ) = 0 (6)
to the kineti term in the eetive Lagrangian of eq. (2) results in[
µ
∂
∂µ
+ β(λ)
∂
∂λ
+ γ(λ)φ
∂
∂φ
+ 2γ(λ)
]
Z(λ, φ, µ) = 0, (7)
where in eq. (7)
β(λ) = µ
dλ
dµ
(8)
γ(λ) =
µ
φ
dφ
dµ
(9)
and the dependene of Z on λ and µ as well as φ has been expliitly noted.
Divergenes whih arise in the omputation of Z require imposition of a renormalization ondition.
The ondition we hose is
Z(λ, φ = µ, µ) = 1. (10)
This is an on shell ondition, muh the same as the ondition on V given in eq. (3) [1℄.
The general form of β(λ), γ(λ) and Z(λ, φ, µ) when the renormalization ondition of eq. (10) is applied
is
β(λ) =
∞∑
n=2
bnλ
n
(11)
γ(λ) =
∞∑
n=1
gnλ
n
(12)
and
Z(λ, φ, µ) =
∞∑
n=0
n∑
m=0
Tnmλ
nLm, (13)
where L = ln
(
φ2/µ2
)
. There are several ways of rearranging the sum in eq. (13), one being the vertial
3reorganization so that
Z =
∞∑
m=0
Am(λ)L
m
(14)
where
Am(λ) =
∞∑
n=0
Tn+m,mλ
n+m
(15)
another being the diagonal reorganization
Z =
∞∑
m=0
λmSm(λL) (16)
where
Sm(λL) =
∞∑
n=0
Tn+m,m(λL)
n. (17)
The funtion Sm(λL) is the N
m
LL ontribution to Z.
We now will show that the RG equations when applied to Z written in the form of eq. (14) allows one
to express Am(λ) in terms of A0(λ). Substitution of eq. (14) into eq. (7) results in
∞∑
m=0
[
(−2 + 2γ(λ))mLm−1 +
(
β(λ)
d
dλ
+ 2γ(λ)
)
Lm
]
Am(λ) = 0, (18)
whih shows that at eah order of L
Am(λ) =
1
2m
(
βˆ(λ)
d
dλ
+ 2γˆ(λ)
)
Am−1(λ) (19)
where βˆ = β/(1− γ) and γˆ = γ/(1− γ).
If now we dene
Am(λ) = exp
(
−2
∫ λ
λ0
γˆ(x)
βˆ(x)
dx
)
Bm(λ), (20)
and
η(λ) = 2
∫ λ
λ0
dx
βˆ(x)
, (21)
then eq. (19) beomes
Bm(λ) =
1
m
d
dη
Bm−1(λ(η))
=
1
m!
dm
dηm
B0(λ(η)). (22)
4The sum in eq. (14) now beomes
Z =
∞∑
m=0
exp
(
−2
∫ λ
λ0
γˆ(x)
βˆ(x)
dx
)
Lm
m!
dm
dηm
B0(λ(η)) (23)
or
= exp
(
−2
∫ λ
λ(η+L)
γˆ(x)
βˆ(x)
dx
)
A0(λ(η(λ) + L)), (24)
showing that Z itself an be expressed in terms of A0 and the RG equations β and γ.
If now we impose the renormalization onditions of eq. (10), then as L = 0 when φ2 = µ2 and λ(η) = λ,
we see that eq. (24) beomes
A0(λ) = 1. (25)
With A0(λ) having been so xed, Z is seen now to be determined solely by the RG funtions β and γ
evaluated in the renormalization sheme of eqs. (3) and (10).
It is also onvenient to examine the onsequene of substituting eq. (16) into (7), along with expansions
of eqs. (11) and (12). This results in[
−2 + 2
(
g1λ+ g2λ
2 + · · ·
)] [
λS′0 + λ
2S′1 + λ
3S′2 + · · ·
]
+
[
b2λ
2 + b3λ
3 + · · ·
] [(
S1 + 2λS2 + 3λ
2S3 + · · ·
)
+
ξ
λ
(
S′0 + λS
′
1 + λ
2S′2 + · · ·
)]
+ 2
[
g1λ+ g2λ
2 + · · ·
] [
S0 + λS1 + λ
2S2 + · · ·
]
= 0. (26)
Here, Sm is evaluated at ξ ≡ λL. At order λ
m+1
, eq. (26) generates a dierential equation expressing
Sm(ξ) in terms of Sm−1(ξ), · · · , S0(ξ) as the following
m∑
i=0
[(2gm−i + bm+2−iξ)S
′
i(ξ) + (2gm+1−i + ibm+2−iξ)Si(ξ)] = 0, (27)
where we have dened a onstant g0 ≡ −1.
We now impose the renormalization ondition of eq. (10); this ombined with eq. (16) shows that
1 =
∞∑
m=0
λmSm(0) (28)
so that Sm(0) = δm0. This serves as the boundary ondition to the dierential equations (27) for Sm(ξ).
As g1 = 0 [9℄, eqs. (27) have the following solution
Sm(ξ) =
1
bm2

am0 + m∑
i=1

 1
wi
i−1∑
j=0
amij(lnw)
j




(29)
where w = 1 − b2ξ/2 and am0 and amij are onstants in terms of the oeients bn (n ≤ m + 1) and
5gn (n ≤ m+ 1) of RG funtions β and γ. In partiular, the solutions to S0 to S4 are
S0(ξ) = 1 (30)
S1(ξ) =
1
b2
(
−2g2 +
2g2
w
)
(31)
S2(ξ) =
1
b22
[
2g22 + b3g2 − g3b2 −
4
w
+
1
w2
(
2g22 − b3g2 + g3b2 − 2b3g2 lnw
)]
(32)
S3(ξ) =
1
b32
[
−2
(
b3g
2
2 −
1
3
g4b
2
2 −
1
3
b4b2g2 +
2
3
g32 +
1
3
b23g2
)
−
2
w
(
g2g3b2 − 2g
3
2 − b3g
2
2
)
+
1
w2
(
4b3g
3
2 lnw − 2
(
−b23g2 + b4b2g2 − b3g
2
2 + g
2
2b
2
2 + g2g3b2 + 2g
3
2
))
+
1
w3
(
2b23g2(lnw)
2 − 2(2b3g
2
2 + b2b3g3) lnw
−2
(
−g22b
2
2 −
1
3
g4b
2
2 −
2
3
b4g2b2 +
1
3
b3g3b2 − g2g3b2 + b3g
2
2 +
2
3
b23g2 −
2
3
g32
))]
(33)
S4(ξ) =
1
b42
[
2
3
(
3
4
(
b3g4b
2
2 + b5g2b
2
2 + b4b
2
2g3 − b
2
3g3b2 − g5b
3
2
)
− 2b4b2g
2
2 −
3
2
b3b4g2b2 + 3b3g
3
2
−
7
2
b3g2b2 +
11
4
b23g
2
2 − 3g
2
2g3b2 + 2g2g4b
2
2 + g
4
2
)
+
4
3w
(
b4b2g
2
2 − 2g
4
2 + b3g2g3b2 − b
2
3g
2
2 + 3g
2
2g3b2 − 3b3g
3
2 − g2g4b
2
2
)
+
1
w2
(
2(−2b3g
3
2 − b
2
3g
2
2 + b3g2g3b2) lnw
−b33g2 − g2b
3
2g3 + 2b3g2b2(b4 + g3)− g
2
3b
2
2 + 4g
3
2b
2
2 + b3g
2
2b
2
2 − 5b
2
3g
2
2 − b5g2b
2
2 + 4g
4
2 + 4b4b2g
2
2
)
+
1
w3
(
4
(
b3g
2
2b
2
2 + b3g2g3b2 − b
3
3g2 + 2b3g
3
2 + b3b4g2b2y
)
lnw − 4b23g
2
2(lnw)
2
+
2
3
(
2b3g2g3b2 − 3b4b
2
2g3 − 3g2b
3
2g3 + 6b3g
3
2 − 12g
3
2b
2
2 − 2g2g4b
2
2 + 3b
2
3g3b2
−4g42 − 10b4b2g
2
2 − 6g
2
2g3b2 + 10b
2
3g
2
2
))
+
1
w4
(
−2b33g2(lnw)
3 +
(
6b23g
2
2 + 3b
2
3g3b2 + 2b
3
3g2
)
(lnw)2
+
2
3
(
6g32b
2
2 +
3
4
g5b
3
2 +
3
4
g23b
2
2 −
9
4
b23g3b2 +
9
4
b4b
2
2g3 + 4b4b2g2
2 + 3g22g3b2 + 2g2g4b
2
2 +
9
2
g2b
3
2g3
+
3
4
b5g2b
2
2 −
3
2
b3b4g2b2 −
7
2
b3g2g3b2 −
3
2
b3g
2
2b
2
2 −
3
4
b3g4b
2
2 +
3
4
b33g2 − 3b3g
3
2 −
13
4
b3
2g22 + g
4
2
)
+
(
−4b3g
3
2 + 4b
3
3g2 − 4b3b4g2b2 − 6b3g
2
2b
2
2 − 2b3g4b
2
2 + 2b
2
3g
2
2 − 6b3g2g3b2
)
lnw
)]
. (34)
In eqs. (30-34) we have not only the omplete ve-loop ontribution to Z without having to ompute any
Feynman diagrams, but also the LL, · · · , N4LL ontribution to Z oming from all orders of perturbation
theory. The LL result of eq. (30) is onsistent with the perturbative alulations of Z [10, 11, 12℄. We
note that it is not a solution to the RG equation (7) when β and γ are trunated to lowest order; the
solution to this equation involves ontributions from parts of Sm (m ≥ 1). The solution (29) is ompletely
determined by the RG funtions.
The RG funtions β and γ used to this point are these assoiated with the renormalization onditions
of eq. (3) and (10). As was pointed out in Ref. [13℄ and further developed in Refs. [7, 8℄, the mass sale
µ2 used in this on shell sheme is related to the mass sale µ˜2 used in the minimal subtration (MS)
6sheme through
µ˜2 = λµ2 (35)
so that if β˜ and γ˜ are the RG funtions in the MS sheme, then
β(λ) =
β˜(λ)
1− β˜(λ)/(2λ)
(36)
and
γ(λ) =
γ˜(λ)
1− β˜(λ)/(2λ)
. (37)
The funtions β˜ and γ˜ are given up to ve loop order in Ref. [14℄; this in turn gives β and γ to ve
loop order [7℄. Expliit expressions for the MS RG funtions β˜ and γ˜ up to ve loop order appear in
Ref. [7℄, so that S0(ξ), · · · , S4(ξ) an be given in terms of MS RG funtions. This permits determining
Z up to order N4LL exatly, when using the renormalization ondition of eq. (10). Finding Z in some
other sheme suh as MS would require expliit omputation of the boundary ondition Sn(0) through
evaluation of Feynman diagrams in that renormalization sheme. Reall also that the quantity L in the
MS sheme has expliit dependene on λ.
We now onsider massless salar eletrodynamis.
III. Z(φ) IN MASSLESS SCALAR ELECTRODYNAMICS
In this setion we examine massless salar eletrodynamis, whose lassial ation is
S
l
=
∫
d4x
{
1
2
[(∂µ + ieAµ)φ
∗] [(∂µ − ieAµ)φ]−
1
4
(∂µAν − ∂νAµ)
2 −
λ
4!
(φ∗φ)2
}
. (38)
This is dependent on two oupling onstants, λ and α ≡ e2.
The eetive ation in the presene of a bakground eld φ and a bakground gauge eld Aµ an be
expanded in powers of derivatives of these bakground elds leading to
L
e
= −V (φ)−
1
4
H(φ)(Fµν )
2 +
1
2
Z(φ)|∂µφ− ieAµφ|
2 + · · · , (39)
where all elds are evaluated at some xed point. The form of the dependene of L
e
on φ and Aµ is
restrited by gauge invariane.
We again fous on the funtion Z(φ) assoiated with kineti term for the salar eld. One more, we
apply an on shell renormalization ondition [1℄
Z(φ∗φ = µ2) = 1. (40)
The funtion Z an be evaluated perturbatively, leading to a general expansion
Z(λ, α, φ, µ) =
∞∑
n=0
∞∑
k=0
n+k∑
r=0
Tn+k−r,r,kλ
n+k−rαrLk, (41)
where L = ln(φ∗φ/µ2) with µ2 again being the renormalization salar parameter. The RG equation is
now [
µ
∂
∂µ
+ βλ(λ, α)
∂
∂λ
+ βα(λ, α)
∂
∂α
+ γ(λ, α)φ
∂
∂φ
+ 2γ(λ, α)
]
Z = 0 (42)
7where
βλ(λ, α) ≡ µ
∂λ
∂µ
=
∞∑
n=2
βλn , β
λ
n =
n∑
r=0
bλn−r,rλ
n−rαr , (43)
βα(λ, α) ≡ µ
∂α
∂µ
=
∞∑
n=2
βαn , β
α
n =
n∑
r=0
bαn−r,rλ
n−rαr , (44)
and γ(λ, α) ≡
µ
φ
∂φ
∂µ
=
∞∑
n=1
γn, γn =
n∑
r=0
gn−r,rλ
n−rαr. (45)
(The produt eAµ is not renormalized [15℄ with suitable gauge xing. )
The kineti term Z of eq. (41) depends now on two ouplings λ and α; this is what makes the disussion
of Z in massless salar eletrodynamis more ompliated than in the pure massless φ44 model, where Z
in eq. (13) depends on only a single oupling λ. It turns out to be advantageous to dene [8℄
P kn (λ, α) =
n∑
r=0
Tn−r,r,kλ
n−rαr (46)
so that by eq. (41)
Z(φ) =
∞∑
n=0
n∑
k=0
P kn (λ, α)L
k. (47)
Just as Sm(λL) of eq. (17) is identied with the N
m
LL ontribution to Z in the massless φ44 model, so
also we nd that the N
n
LL ontribution to Z in massless salar eletrodynamis is given by
ZNnLL =
∞∑
k=0
P kk+nL
k. (48)
With the renormalization ondition of eq. (40), we have
P 0n = δn0. (49)
Substitution of eq. (47) into (42) results in
∞∑
n=0
n∑
k=0
[
2k(−1 +
∞∑
m=1
γm)P
k
nL
k−1 +
∞∑
m=2
(
βλm
∂
∂λ
+ βαm
∂
∂α
)
P knL
k + 2
∞∑
m=1
γmP
k
nL
k
]
= 0. (50)
Eah of the quantities P kn , β
λ
n , β
α
n and γn are of the form
n∑
r=0
Cn−r,rλ
n−rαr, i.e., they are polynomials of
degree n in λ and α. By having eah term of order k in L and of order n in λ and α in eq. (50) equaling
zero, we obtain a series of oupled partial dierential equations with the boundary ondition of eq. (49)
that an be solved for eah of the P kn in turn. For example, if in equation (50) we were to onsider the
term of zeroth order in L and rst order in the oupling, we have
− 2P 11 + 2γ1P
0
0 = 0. (51)
This, ombined with eq. (49), determines P 11 . In general, if in eq. (50) we examine terms of order n in
L and order (n+ 1) in the oupling, then
Pn+1n+1 =
1
n+ 1
[
1
2
(
βλ2
∂
∂λ
+ βα2
∂
∂α
)
+ γ1
]
Pnn . (52)
This xes all the LL ontributions to ZLL of eq. (48) in terms of β
λ
2 , β
α
2 and γ1. One ould obtain eah
of the oeients Tn−r,r,n ontributing to P
n
n in eq. (46) in terms of b
λ
2−r,r, b
α
2−r,r and g1−r,r diretly
8from eq. (52).
The oeients Pnn+1 that ontribute to ZNLL an also be found from the RG equation of eq. (50). To
do this we onsider these terms in eq. (50) that are of order n in L and order (n+ 2) in the ouplings,
(
Pn+1n+2 − γ1P
n+1
n+1
)
=
1
n+ 1
{[
1
2
(
βλ2
∂
∂λ
+ βα2
∂
∂α
)
+ γ1
]
Pnn+1 +
[
1
2
(
βλ3
∂
∂λ
+ βα3
∂
∂α
)
+ γ2
]
Pnn
}
.
(53)
Having determined eah of the oeients Tn−r,r,n that ontribute to P
n
n from eq. (52), we an now
use eq. (53) to x the oeients Tn+1−r,r,n that go into P
n
n+1 provided β
λ
3 , β
α
3 and γ2 are known. The
boundary ondition P 01 = 0 whih follows from eq. (49) is also employed.
As in Ref. [8℄, a variant of the method of harateristis an be used to nd a losed form expression
for the sums ourring in ZLL and ZNLL. We start by dening
Wnn+k(λ¯(t), α¯(t), t) = exp
[
2
∫ t
0
γ1(λ¯(τ), α¯(τ))dτ
]
Pnn+k(λ¯(t), α¯(t)) (54)
where the harateristi funtions λ¯(t) and α¯(t) satisfy
dλ¯(t)
dt
= βλ2 (λ¯(t), α¯(t)) , λ¯(0) = λ, (55)
dα¯(t)
dt
= βα2 (λ¯(t), α¯(t)) , α¯(0) = α. (56)
The forms of βλ2 and β
α
2 appear in Ref. [1℄, as well as the solution for λ¯(t) and α¯(t). Dierentiating (54)
with respet to t gives
d
dt
Wnn+k(λ¯(t), α¯(t), t) =
(
βλ2 (λ¯, α¯)
∂
∂λ¯
+ βα2 (λ¯, α¯)
∂
∂α¯
+ 2γ1(λ¯, α¯)
)
Wnn+k(λ¯(t), α¯(t), t). (57)
Together, equations (52), (54) and (57) show that
Wn+1n+1 =
1
2(n+ 1)
d
dt
Wnn =
1
2n+1(n+ 1)!
dn+1
dtn+1
W 00 . (58)
If now
Z¯LL(t) =
∞∑
n=0
Wnn (λ¯(t), α¯(t), t)L¯
n
(59)
where
L¯ = ln
(
φ∗φ
µ¯2(t)
)
(60)
with
dµ¯(t)
dt
= µ¯(t) , µ¯(0) = µ, so that µ¯(t) = µet, (61)
then by (58)
Z¯LL(t) =
∞∑
n=0
1
n!
(
L¯
2
)n(
d
dt
)n
W 00 (λ¯(t), α¯(t), t) = W
0
0
(
λ¯(t+
L¯
2
), α¯(t+
L¯
2
), t+
L¯
2
)
. (62)
Furthermore, eqs. (54)-(56), (59)-(61) show that
Z¯LL(0) = ZLL (63)
9and so by eqs. (49) and (62),
ZLL = exp
[
2
∫ L/2
0
γ1(λ¯(τ), α¯(τ))dτ
]
. (64)
Sine L = 0 when φ∗φ = µ2, the renormalization ondition of eq. (40) is satised.
Next we take
Z¯NmLL(t) =
∞∑
n=0
Wnn+m(λ¯(t), α¯(t), t)L¯
n
(65)
so that
Z¯NmLL(0) = ZNmLL. (66)
By eqs. (53) and (54), we nd that
Wnn+1 =
1
2n
[(
βλ2
∂
∂λ¯
+ βα2
∂
∂α¯
+ 2γ1
)
Wn−1n +
(
βλ3
∂
∂λ¯
+ βα3
∂
∂α¯
+ 2γ2
)
Wn−1n−1
]
+ γ1W
n
n . (67)
Using eqs. (52) and(57), this equation beomes
Wnn+1 =
1
2n
[(
βλ2
∂
∂λ¯
+ βα2
∂
∂α¯
+ 2γ1
)
Wn−1n
+
((
βλ3
∂
∂λ¯
+ βα3
∂
∂α¯
+ 2γ2
)
+ γ1
(
βλ2
∂
∂λ¯
+ βα2
∂
∂α¯
+ 2γ1
))
Wn−1n−1
]
(68)
≡
1
2n
[
d
dt
Wn−1n + D(t)W
n−1
n−1
]
. (69)
Iterating eq. (69) and again using eq. (58), we nd that
Wnn+1 =
1
2nn!
[
dn
dtn
W 01 +D(t)
dn−1
dtn−1
W 00 + · · ·+
dn−2
dtn−2
(
D(t)
d
dt
W 00
)
+
dn−1
dtn−1
(
D(t)W 00
)]
. (70)
Using identity
dn
dtn
(fg) +
dn−1
dtn−1
(
f
dg
dt
)
+ · · ·+
d
dt
(
f
dn−1g
dtn−1
)
+ f
dng
dtn
=
dn+1
dtn+1
(φg)− φ
dn+1
dtn+1
g (φ′ = f), (71)
eq. (70) redues to
Wnn+1 =
1
2nn!
[
dn
dtn
(
W 01 + D˜(t)W
0
0
)
− D˜(t)
dn
dtn
W 00
]
, (72)
where dD˜(t)/dt ≡ D(t), so that
D˜(t)W 00 (λ¯(t), α¯(t), t) =
(∫ t
t0
[
βλ3
(
λ¯(τ), α¯(τ)
) ∂
∂λ¯(t)
+ · · ·+ 2γ21
(
λ¯(τ), α¯(τ)
)]
dτ
)
W 00
(
λ¯(t), α¯(t), t
)
(73)
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and
d
dt
(
D˜(t)W 00 (λ¯(t), α¯(t), t)
)
=
[
βλ3 (λ¯(t), α¯(t))
∂
∂λ¯(t)
+ · · ·+ 2γ21(λ¯(t), α¯(t))
]
W 00 (λ¯(t), α¯(t), t)
+
∫ t
0
[
βλ3 (λ¯(τ), α¯(τ))
∂
∂λ¯(t)
+ · · ·+ 2γ21(λ¯(τ), α¯(τ))
]
dτ
d
dt
W 00 (λ¯(t), α¯(t), t). (74)
Eqs. (73) and (74) ensure onsisteny between eqs. (70) and (72). It is important to note that in
eqs. (73) and (74) λ¯ and α¯ are evaluated at t when they appear in the arguments of W 00 and also that
derivatives with respet to λ¯ and α¯ are also omputed with λ¯ and α¯ evaluated at t. In eq. (74), the
ordinary derivative d/dt ats on W 00 (λ¯(t), α¯(t), t) prior to funtional derivatives ∂/∂λ¯(t) and ∂/∂α¯(t).
The last step to be performed on the right hand side of eq. (74) is the integration over τ . Eq. (65) now
an be written as
Z¯NLL(t) =
∞∑
n=0
L¯n
2nn!
[
dn
dtn
(
W 01 (λ¯(t), α¯(t), t) + D˜(t)W
0
0 (λ¯(t), α¯(t), t)
)
− D˜(t)
dn
dtn
W 00 (λ¯(t), α¯(t), t)
]
. (75)
The sum over n in eq. (62) an now be performed and upon setting t = 0 and using eq. (66) we obtain
ZNLL(0) = W
0
1
(
λ¯
(
L
2
)
, α¯
(
L
2
)
,
L
2
)
+ D˜
(
L
2
)
W 00
(
λ¯
(
L
2
)
, α¯
(
L
2
)
,
L
2
)
(76)
provided D˜(0) = 0 (i.e., we selet t0 = 0). We thus have a losed form expression for ZNLL. The
renormalization ondition of eq. (49) further redues it to
ZNLL = D˜
(
L
2
)
exp
[
2
∫ L/2
0
γ1
(
λ¯(τ), α¯(τ)
)
dτ
]
= 2
∫ L/2
0
dτ
[
γ2(τ) + γ
2
1(τ)
]
exp
[
2
∫ L/2
0
γ1(λ¯(τ), α¯(τ))dτ
]
. (77)
The losed form of ZN2LL term ould be obtained in a similar manner. In eq. (50), onsider the terms
that are of order n of L and of order (n+ 3) in the ouplings,
Pn+1n+3 −
(
γ1P
n+1
n+2 + γ2P
n+1
n+1
)
=
1
2(n+ 1)
[(
βλ2
∂
∂λ
+ βα2
∂
∂α
+ 2γ1
)
Pnn+2
+
(
βλ3
∂
∂λ
+ βα3
∂
∂α
+ 2γ2
)
Pnn+1 +
(
βλ4
∂
∂λ
+ βα4
∂
∂α
+ 2γ3
)
Pnn
]
.(78)
Using eqs. (58) and (69), we obtain
Wn+1n+3 =
1
2(n+ 1)
[
d
dt
Wnn+2 +
(
γ1
(
βλ2
∂
∂λ¯
+ βα2
∂
∂α¯
+ 2γ1
)
+ βλ3
∂
∂λ¯
+ βα3
∂
∂α¯
+ 2γ2
)
Wnn+1
+
(
(γ2 + γ
2
1)
(
βλ2
∂
∂λ¯
+ βα2
∂
∂α¯
+ 2γ1
)
+ γ1
(
βλ3
∂
∂λ¯
+ βα3
∂
∂α¯
+ 2γ2
)
+ βλ4
∂
∂λ¯
+ βα4
∂
∂α¯
+ 2γ3
)
Wnn
]
(79)
≡
1
2(n+ 1)
[
d
dt
Wnn+2 +D1(t)W
n
n+1 +D0(t)W
n
n
]
. (80)
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Iterating this equation n times and again using (58) and (72), it is found
Wn+1n+3 =
1
2n+1(n+ 1)!
[
dn+1
dtn+1
W 02 +D1(t)
dn
dtn
(
W 01 + D˜(t)W
0
0
)
−D1(t)D˜(t)
dn
dtn
W 00
+
d
dt
D1(t)
dn−1
dtn−1
(
W 01 + D˜(t)W
0
0
)
−
d
dt
(
D1(t)D˜(t)
) dn−1
dtn−1
W 00
+ · · ·
+
dn
dtn
[
D1(t)
(
W 01 + D˜(t)W
0
0
)]
−
dn
dtn
(
D1(t)D˜(t)W
0
0
)
+D0(t)
dn
dtn
W 00 +
d
dt
D0(t)
dn−1
dtn−1
W 00 + · · ·+
dn
dtn
D0(t)W
0
0
]
. (81)
Using eqs. (71) and (65) and the boundary ondition (49), it is found that
ZN2LL = Z¯N2LL(0) =
(
D˜1
(
L
2
)
D˜
(
L
2
)
− D˜10
(
L
2
))
W 00
(
λ¯
(
L
2
)
, α¯
(
L
2
)
,
L
2
)
=
(
D˜1
(
L
2
)
D˜
(
L
2
)
− D˜10
(
L
2
)
+ D˜0
(
L
2
))
exp
[
2
∫ L/2
0
γ1
(
λ¯(τ), α¯(τ)
)
dτ
]
(82)
where dD˜0(t)/dt = D0(t), dD˜1(t)/dt = D1(t), dD˜10(t)/dt = D1(t)D˜(t) with equations analogous to eqs.
(73) and (74) being satised and we have set D˜0(0) = 0, D˜1(0) = 0 and D˜10(0) = 0.
For ZNmLL, (m > 2), we easily see from the derivation of ZLL, ZNLL and ZN2LL in eqs. (64), (77)
and (82), that every ZNmLL is in the form of some operator D˜m applied to W
0
0 , i.e.,
ZNmLL = D˜m
(
L
2
)
exp
[
2
∫ L/2
0
γ1
(
λ¯(τ), α¯(τ)
)
dτ
]
. (83)
The β and γ funtions to order βλm+2, β
α
m+2 and γm+1 uniquely determine the operator D˜m, whih in
turn xes Z(φ) to order NmLL.
From eq. (64) it follows that ZLL = 1 if φ
2 = µ2 (L = 0) while from eqs. (77,82,83) we see that
ZNpLL = 0 (p > 0) in this limit. This is onsistent with the renormalization ondition of eq. (10). If
we take µ = v, then it is apparent that Z(v) in eq. (5) is just equal to one. The RG funtion used in
deriving eqs. (64), (77), (82) and (83) are those assoiated with the on shell renormalization onditions
of eq. (3) and (10) or (40).
IV. DISCUSSION
We have demonstrated that the kineti term in the derivative expansion of the eetive Lagrangian
an be determined entirely by the on shell RG funtions in the massless φ44 model. The LL , NLL,
N
2
LL have similarly been omputed in massless salar eletrodynamis. This is a neessary ingredient in
determining the radiatively generated mass in these models, as is shown by eq. (5).
There are several avenues that should be further explored. For example, we should show that terms
in the derivative expansion of the eetive Lagrangian beyond the kineti term for the salar eld are
expressible in terms of the RG funtions. We should also onsider the eet of inserting a mass for the
salar elds in the lassial Lagrangian onsidered here.
Possibly the most important question is to see if the tehniques employed here and in Ref. [7, 8℄ an
be used to ompute more preisely the Higgs mass in the massless standard model, thereby improving
on the estimates of Refs. [5, 6℄. This is urrently being undertaken [21℄.
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